We present the results of a theoretical analysis focused on threedimensional optical trapping of non-spherical gold nanoparticles using a tightly focused laser beam (i.e. optical tweezers). We investigate how the wavelength of the trapping beam enhances trapping stiffness and determines the stable orientation of nonspherical nanoparticles in the optical trap which reveals the optimal trapping wavelength. We consider nanoparticles with diameters being between 20 nm and 254 nm illuminated by a highly focused laser beam at wavelength 1064 nm and compare our results based on the coupled-dipole method with published theoretical and experimental data. We demonstrate that by considering the non-spherical morphology of the nanoparticle we can explain the experimentally observed three-dimensional trapping of plasmonic nanoparticles with size higher than 170 nm. These results will contribute to a better understanding of the trapping and alignment of real metal nanoparticles in optical tweezers and their applications as optically controllable nanosources of heat or probes of weak forces and torques.
Introduction
The behavior of spherical objects in focused or structured trapping beams has been extensively investigated from the theoretical and experimental point of view during the last 3 decades [1] [2] [3] [4] [5] [6] . The primary effort has been focused on dielectric spheres and many interesting observations and applications have been reported: e.g. optical delivery from micrometer up to millimeter distances [7] [8] [9] (optical conveyor belt, tractor beams), particles orbiting in optical vortex beams [10] [11] [12] , fluid-flow convection due to moving or rotating spheres [13] (optical motors and pumps), optical self-arrangement of many particles due to their mutual interaction through the scattered light [2, [14] [15] [16] [17] [18] [19] (optical binding), separation of spheres of different diameters or materials [6, [20] [21] [22] [23] [24] [25] [26] (optical sorting), measurement of tiny forces using optically trapped probes [3] [4] [5] (optical pikotenzometers). With the advance of computational power more complex shapes started to be investigated theoretically [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] and experimentally [38] [39] [40] [41] [42] [43] [44] [45] [46] . In addition to optical forces and consequent particles trapping, optical torques and particle rotation have to be investigated which leads to another level of complexity.
With the boom of plasmonics more attention has been focused on optical manipulation with metal nanoparticles (NPs) even though the pioneering experiments of Svoboda and Block were reported a relatively long time ago [47] . In contrast to dielectric particles, metal NPs change their optical properties significantly with wavelength due to resonant collective oscillations of free electrons excited with light (so-called plasmon resonance). Therefore, as well as the absorbed energy, the optical forces and torques will strongly depend on the trapping wavelength [48, 49] . However, the experimental results and theoretical predictions are not in coincidence in the case of optical trapping of larger metal particles (> 170 nm). Models assuming a spherical shape of a NP do not predict its three-dimensional trapping which is, however, observed experimentally by Hansen et al. [50, 51] in a tightly focused beam. To explain such surprising behavior we developed a theoretical model based on the coupled dipole method [52] , assuming the natural non-spherical morphology of gold NPs [53, 54] . In this paper we use this model to demonstrate complex behavior of plasmonic NPs optically trapped in common optical tweezers with a tightly focused beam. We show here that choosing the proper wavelength of the optical tweezers enables us to modify the trapping conditions, mainly to set the orientation of a non-spherical gold NP nanoparticle with respect to the beam polarization. To prove our theoretical assumptions and model we compare the calculated trapping stiffnesses with published experimental data [51] . Our theoretical results confirm the observed trends reported by other groups. The quantitative coincidence is accessible within one order of magnitude. Another comparison of this theory with our own experimental data, in the case of a beam focused with low numerical aperture (NA) optics, led to better coincidence [55] .
Theoretical models
The incident tightly focused laser beam (NA = 1.2) was described using the Debye approximation of diffraction of a convergent spherical wave on a circular aperture [37, 56, 57] which is thought to be a highly appropriate case for the description of the strongly focused beam without aberrations [48, 50, 58, 59] . This field distribution was used in all our theoretical models, i.e. in the generalized Lorenz-Mie theory [60, 61] for spherical particles and also in extended the ADDA code [52] based on the discrete-dipole approximation [62] used for spherical but mainly for non-spherical particles. Therefore, we should calculate optical torques and also optical forces [63, 64] acting on a NP of the desired shape. Figure 1 illustrates the trapping ge-E Ω Fig. 1 . Trapping geometry of optical tweezers with high NA=1.2. A NP (yellow triangular prism) is trapped laterally on the optical axis and longitudinally slightly behind the beam focus. Its axial position strongly depends on the orientation of the particle with respect to the beam polarization and propagation. The red arrow denotes orientation of the incident electric field E E E propagating longitudinally along z axis, the blue and green arrow marks the axial optical force F z and torque Ω Ω Ω acting on the NP, respectively. ometry together with the position and orientation of the non-spherical NP near the focus of a tightly focused beam.
Theoretical results

Spherical NP
The majority of theoretical studies or analyses of experimental results consider NPs of spherical shape and therefore the orientation of the beam polarization is not of primary importance for the NP behavior in the optical trap. Figure 2 summarizes the theoretical results related to a single spherical gold NP of six different diameters which is illuminated by high NA optical tweezers at different wavelengths. Spectral dependences of lateral (κ x , blue curve with circles) and longitudinal (κ z , red curve with triangles) stiffness of the optical trap reveal which wavelength provides the strongest optical confinement for particular size of gold nanosphere. Accompanying curves for absorption, scattering and extinction cross sections indicate the spectral regions where the absorption and scattering become dominant and how they influence the NP longitudinal confinement. The trap stiffnesses are maximal for trapping wavelengths red-detuned from the plasmon resonance which is determined by the maximal value of the extinction cross-section C ext . This theoretically verifies the experimentally observed concept of plasmon resonance-based optical trapping [37, 48, 49, 65] . However, for a spherical NP larger than 170 nm the scattering is so strong in the investigated spectral region that the considered spherical NP cannot be trapped and is propelled along the beam propagation axis (i.e. the stiffness curves are missing in the last row of Fig. 2) .
The results confirm that the light absorption is the principle mechanism forming the scattering force for gold nanospheres with diameters d < 50 nm because the scattering cross-section is negligible here. However the light absorption looses its dominance for gold spheres with diameters d > 50 nm and at wavelengths longer than 700 nm. Light scattering becomes here the leading source of the scattering force and is responsible for missing optical traps at shorter wavelengths. This trend is also enhanced due to the red shift and broadening of the plasmon resonance peak for larger nanospheres. The maximum stiffness occurs when the trapping laser wavelength is detuned to the long-wavelength side from the plasmon resonance which is determined by the maximal value of the extinction cross-section C ext . Note that gold nanospheres of diameter larger than 170 nm cannot be optically trapped and therefore the stiffness curves are omitted. The stiffnesses and extinction cross-sections are normalized to their maximum value; absorption and scattering cross-sections are normalized to the maximum of C ext for each particle size.
Non-spherical NP
The numerical results in Fig. 2 are, however, in contradiction with experimental observations. Hansen et al. [51] observed that gold NPs can be stably optically trapped in the same setup even if their diameters are larger than 170 nm. Saija et al. [50] have tried to overcome this discrepancy between theory and experiment by suggesting that a steam nanobubble is formed around the trapped nanosphere. However, Messina et al. [65] have recently demonstrated that the plasmonic enhanced field plays a crucial role in the optical trapping of gold nanoaggregates with an average size range 20-750 nm. They revealed that plasmon resonances in the fractal structure of the nanoaggregates are responsible for the increased trapping forces and wider trapping range with respect to separated nanospheres. Independently it has been demonstrated [55] that consideration of natural morphology [53, 54] of gold NPs can explain optical confinement of plasmonic NPs using focusing optics with low NA=0.2-0.37. We can thus conclude that nonspherical plasmonic NPs (nanoaggregates, nanorods, prism, etc.) can enhance the optical trapping force when certain plasmon resonances are excited. Since Hansen et al. [51] employed gold NPs from British Biocell, we used the same producer and focused on NPs shapes. Using scanning electron microscopes we observed that shapes shown in Fig. 3 that can be described as decahedrons, icosahedrons, hexagonal and triangular prisms. Inspired by the previous studies [66] [67] [68] , we considered decahedrons and triangular prisms and we set the aspect ratio (the ratio of decahedron half height and the radius of circle circumscribed to its pentagonal base) for gold decahedrons equal to 0.6. In the case of triangular prisms we considered two aspect ratios (the ratio of prism height and the radius of circle circumscribed to triangular base) equal to 0.15 and 0.5. To compare NP of different shapes, we set their volume equal to a sphere of the same volume having so-called equivalent diameter. Non-sphericity of gold NPs brings complexity to the studied phenomena because the nonspherical NPs tend to orient with respect to the directions of trapping beam propagation and polarization. Figure 4 shows the results of calculations of optical torques and axial optical force acting on one selected NP of triangular shape. We assumed four different initial NP orientations (see the first row) and NP rotation around different axes so that we could deduce the stable NP orientation and axial position. The second row presents the axial force F z acting on the NP if it rotates around different axes starting at the particular orientation shown in the first row. The white curves denote the stable positions along z axis for particular angle θ . We can conclude that the studied NP is axially trapped for any orientation of the NP. The bottom row in Fig. 4 deals with the torque acting on the NP for a particular axis of rotation. Equilibrium NP orientations correspond to the white curves where the torque Ω i = 0 (i = x, y, z) and goes from positive to negative values with increasing angle θ . Intersections of these white curves with the red curves (corresponding to the stable axial positions) indicate possible stable trapping orientations and positions of the NP for studied rotation around only one axis. However, the NP can rotate around any axis and thus the stability of such possible stable states must be further proved with respect to these other axes of rotation. For example looking at columns (a) and (b) one comes to the conclusion that the NP stable orientation corresponds to the situation shown in the inset between the columns. Column (c) shows that the NP in this initial orientation tends to rotate to θ = π/2 which is the initial orientation studied in the case (b). The column (d) illustrates forces and torques for another possible NP rotation which will gradually develop to the stable orientation shown in the inset between cases (a) and (b). However for larger NPs or NPs of other shape this stable orientation is not generally valid any more and more complex behavior is presented in Fig. 5 . Here we present only torques Ω z because we found that the stable orientation of the NP is parallel or perpendicular to the beam polarization. Figure 5 demonstrates that the stable orientation of NPs with respect to the polarization of the trapping beam depends on the NPs shape and effective volume. Decahedrons are stably oriented in parallel with the beam polarization for all considered sizes, triangular prism NPs can be stably oriented with their base either in parallel with or perpendicular to the beam polarization depending on their size. Depending on the aspect ratio of the triangular prisms there exists a particular diameter (in the studied range) where the torque is negligible and thus the NP orientation is not fixed. Note, that this fact can affect the trapping stability and possibly explain observed anomalous behavior of NP of particular size (d = 154 nm) in oil objective experiment observed by Hansen, et al. [51] . Recent studies [37, 48, 69, 70] have shown that the gradient force can change its sign depending on the trapping wavelength. Such behavior has been experimentally demonstrated [48, 71] by setting the trapping laser wavelength below or above the plasmon resonance wavelength. As we demonstrated in Fig. 2 not only the gradient force but also the scattering force and thus the overall ability to optically trap plasmonic particles depends strongly on the wavelength employed in the optical tweezers. Toussaint et al. [49] have recently shown that in the Rayleigh regime the gradient force acting on core-shell nanorods or particles of bi-pyramidal shape can be enhanced when the trapping laser wavelength is slightly red-detuned from the plasmon resonance. Figure 6 demonstrates more complex behavior of a non-spherical NP in the optical tweezers with tunable trapping laser wavelength. We calculated optical forces and torques acting on the triangular prism (aspect ratio is 0.15) and the nanosphere of the same effective volume placed in optical tweezers with vacuum wavelength varied from 250 to 1100 nm (NA=1.2 and laser power coming through the beam focus equal to 1 W). The values of the refractive index of the NP and medium for considered trapping wavelengths were taken from Palik [72] . For each wavelength we found the stable NP orientation and position in 3D and determined the radial and axial stiffnesses at this position. We compare here the lateral (κ x ) and longitudinal (κ z ) trapping stiffnesses for gold nanosphere and thin triangular prism if they are longitudinally trapped and stably oriented in the laser beam. Stable NP trapping is obtained only at wavelengths where the stiffness points are plotted. According to the stable orientation of the triangular NP, two distinct spectral regions can be identified. The white background denotes NP orientation in parallel with the y − z plane (i.e. perpendicularly to the beam polarization) providing weaker scattering and therefore the NP can be trapped over most of this region. The gray background distinguishes NP orientation in x − z plane (i.e. in parallel with the beam polarization) which provides about two times stronger trap stiffnesses but only in the long-wavelength region. The extinction cross sections and the plotted trap stiffnesses in Fig. 6a are normalized to those calculated for the nanosphere of identical volume shown in Fig. 6b . In fact, we demonstrate here very interesting phenomena, that setting the proper wavelength of the optical tweezers enables us to tune not only the trapping stiffness (as for gold nanospheres) but also the orientation of a non-spherical gold NP with respect to the incident beam polarization. [51] . We consider spheres, decahedron and triangular prisms with two aspect ratios (height to radius ratio 0.15 and 0.5).
Validation of theoretical model.
To further validate our assumptions and theoretical model we compared experimental trapping stiffnesses published by Hansen et al. [51] with our theoretical results. We considered several shapes of NPs observed in the sample (see Fig. 3 ) and experimental parameters mentioned in [51] (vacuum wavelength λ vac = 1064 nm, numerical aperture of the focusing lens NA = 1.2 and trapping laser power 1W at the sample plane). The results are summarized in Fig. 7 for axial and radial stiffnesses. Note that for each particle shape and size we determined the stable position and orientation in the optical tweezers. The full black curve visualizes the mean value of the trap stiffnesses for all considered NP shapes. Although we considered just a limited number of NP shapes, the scaling of the stiffness with the NP size is very similar to the experimental one. Especially in the case of the longitudinal stiffness κ z our calculation clearly follows the experimentally observed stiffness behavior for d > 100 nm. In the case of a large triangular NP the theory confirms observed the longitudinal trapping which in contrast does not occur for spherical or decahedron NPs. In order to get precise quantitative overlap of the theoretical and experimental data we had to multiply our theoretical data by a factor of 1/5 and 1/7 for the radial (κ x ) and longitudinal (κ z ) stiffness, respectively. The reason for this quantitative discrepancy is yet unknown but could be caused by differences between the theoretical field description and experimental field distribution because in the case of lower NA we obtained perfect overlap with the theoretical results and measurements [55] .
Conclusion
We describe complex behavior of plasmonic non-spherical NPs in a tightly focused laser beam. The presented results of numerical calculations indicate that the shape of an optically trapped gold NP strongly determines the stable position and orientation in the optical tweezers for a particular trapping wavelength. We used the coupled-dipole method to determine the stable orientation and position of gold NPs of the following shapes: spheres, decahedrons and triangular prism. Thus the usage of a proper trapping wavelength enables us to set not only the trapping stiffness (as for gold nanospheres) but also the orientation of a non-spherical gold NP. Furthermore, we compared the calculated trapping stiffnesses with the experimental ones presented by Hansen et al. [51] and we obtained qualitative agreement with the experimental observations and quantitative agreement within one order of magnitude. We found that relatively large but thin triangular gold prisms can be trapped in 3D even if spheres of the same volume cannot be confined. This brings more clear evidence that the morphology of a plasmonic NP strongly affects the trapping forces. This deepens our understanding of behavior of non-spherical NPs in optical tweezers and promises possible applications as light controlled nanosources of heat or optically trapped nanoprobes with controlled orientation.
